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Compressing and focusing a short laser pulse by a thin plasma lens
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We consider the possibility of using a thin plasma slab as an optical element to both focus and compress an
intense laser pulse. By thin we mean that the focal length is larger than the lens thickness. We derive analytic
formulas for the spot size and pulse length evolution of a short laser pulse propagating through a thin uniform
plasma lens. The formulas are compared to simulation results from two types of particle-in-cell code. The
simulations give a greater final spot size and a shorter focal length than the analytic formulas. The difference
arises from spherical aberrations in the lens which lead to the generation of higher-order vacuum Gaussian
modes. The simulations also show that Raman side scattering can develop. A thin lens experiment could
provide unequivocal evidence of relativistic self-focusing.

DOI: 10.1103/PhysRevE.63.026411 PACS number~s!: 52.35.Mw, 52.38.2r
im
se

th
n

he

d

t
ex
y
a
th
a
he

a
en

-
t
er

e
n
un
e

ce
th

se
se
te
s

f

the
the
the

t an
g.
n-
h-

the

e
sma
igh

ive
ot
me
as
cal

. In
are

ized

vo-
tial

-
e
By
ties
I. INTRODUCTION

Studying intense laser pulse propagation in plasmas is
portant to many applications including laser fusion, la
plasma acceleration@1#, and plasma-based light sources@2#.
At high laser intensities nonlinear interactions between
plasma and the laser become important. One fundame
nonlinear effect arises from the relativistic motion of t
electrons in the intense laser field@3#. In particular, the laser
pulse’s transverse and axial dimensions can be change
relativistic self-focusing~RSF! @4–9# and relativistic self-
phase modulation~RSPM! @5,10#. In RSF the transverse spo
size can decrease when a transverse gradient of the ind
refraction causes the wave fronts to curve so that energ
focused radially inward. In RSPM the laser pulse length c
be compressed by a frequency chirp that is induced by
nonlinear dependence of the axial phase velocity. This le
to an axial chirp of the group velocity where the back of t
pulse moves faster~higher frequency! and the front of the
pulse moves more slowly~lower frequency!, causing the
pulse to compress. The pulse focusing and compressing
dynamically related through the change of the pulse int
sity.

While relativistic self-focusing was theoretically pre
dicted more than 25 years ago@4#, in a strict sense it has ye
to be unequivocally demonstrated in a laboratory exp
ment. All relevant experiments to date@11# have provided
clear evidence that a laser could propagate for distances
ceeding the vacuum diffraction length. These experime
have therefore shown optical guiding, but they have not
equivocally shown a spot size reduction when the pow
roughly exceeded a critical power or an intensity enhan
ment. The difficulty arises because in each experiment
plasma length greatly exceeded both the Rayleigh and
focusing lengths. Therefore, the pulse rapidly self-focu
within the plasma and violently goes unstable to stimula
Raman forward scattering@12# and this greatly complicate
the interpretation.

In this paper, we propose using a plasma as a thin lens
1063-651X/2001/63~2!/026411~8!/$15.00 63 0264
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focusing high-intensity lasers. In this thin lens concept
laser pulse receives an impulsive focusing force while in
plasma, and then focuses well outside the plasma in
vacuum region. As such it may be a means of carrying ou
unequivocal demonstration of relativistic self-focusin
Moreover, it may prove to be a simple alternative to conve
tional optics, which may be subject to damage by very hig
intensity lasers. In this sense it is the optical analogy to
well known plasma lens for particle beams@13,14#. To study
the thin lens concept, we use the particle-in-cell~PIC! codes
WAKE @15# andOSIRIS @16#. The simulation parameters wer
chosen to model a short pulse passing through a thin pla
with a thickness of a few percent of the vacuum Rayle
length.

The paper is organized as follows. In Sec. II we der
analytical formulas for the simultaneous evolution of sp
size and pulse length. To our knowledge, this is the first ti
that an equation for the evolution of the pulse length h
been derived. We use these formulas to derive the fo
length and spot size reduction for an idealized thin lens
Sec. III simulation results are presented and the results
compared to the analytical results. The paper is summar
in Sec. IV.

II. ANALYTICAL ANALYSIS

To derive formulas for the spot size and pulse length e
lution, we start from the equation of the laser vector poten
in the plasma using only the relativistic nonlinearity,

S ¹'
2 1

]2

]z2 2
1

c2

]2

]t2D Ã5
vp

2

c2 S 12
Ã2

2
D Ã, ~2.1!

whereÃ is the vector potential normalized tomc2/e, vp is
the plasma frequency, andc is the speed of light. The non
linearity is approximated byÃ2/2 and the plasma wave wak
is ignored to make the problem analytically tractable.
neglecting the wake we preclude Raman type instabili
©2001 The American Physical Society11-1
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from the analysis. First we writeÃ as the product of an
envelope and a phase,Ã5ae2 i (v0t2k0z)/21c.c., wherev0

andk0 satisfy the linear dispersion relationv0
25k0

2c21vp
2 .

We then make a mathematical transformation from the co
dinate variables (t,z) to variables (t,c) wheret5z and c
5t2z/vg ; note that in nonlinear optics a wave equation
electric fieldE is used while in short pulse laser-plasma
teraction an equation forÃ is used@17,18#. The equation for
the envelopea now becomes

2ik0

]a

]t
1S 1

vg
2 2

1

c2D ]2a

]c2 2
2

vg

]2a

]c]t
1¹'

2 a1
vp

2

c2

uau2

4
a

5S 2iv0

c2 2
2ik0

vg
D ]a

]c
1

]2a

]t2 . ~2.2!

We choose vg to be the linear group velocity,vg
5k0c2/v0. We also assume the second terms on the r
side of the above equation is much smaller when compa
with the other terms. Thus, the right side is zero.

The second and third term on the left side of Eq.~2.2!
represent some of the finite pulse length effects. The sec
term is called the group velocity dispersion term and at l
intensity leads to pulse broadening. However, this term
combination with the nonlinear term can lead to pulse co
pression as well as self-phase modulational instabilities.
third term causes pulse self-steepening, nonlinear correct
to the group velocity, and higher-order corrections to
growth rate for RSPM. We have developed a general per
bation method of treating this term and the result will
reported in a separate paper. The fourth term leads to diff
tion and needs to be kept when studying self-focusing. Th
has also been some recent work on lasers propagatin
channels which also addresses some of these issues@19,20#.

Therefore, the simplest equation that includes both co
pression and self-focusing is

2ik0

]a

]t
1

e2

c2

]2a

]c2 1¹'
2 a1

vp
2

c2

uau2

4
a50, ~2.3!

where e[vp /k0c. This equation can be approximate
solved using a variational principle, just as in the case
self-focusing alone@21–23#. We begin by writing down the
Lagrangian density for Eq.~2.3!, which can be shown to be

L5 ik0S a
]a*

]t
2a*

]a

]t D1
e2

c2

]a*

]c

]a

]c
1¹'a* •¹'a

2
vp

2

c2

a2a* 2

8
, ~2.4!

i.e., Eq.~2.3! is the Euler-Lagrange equation for minimizin
the actionS5*dtdxW'dcL for variations ina* ~anda).

Next we use the following trial function:
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a5
A~t!

W~t!AL~t!
e2 if(t)eic2/h(t)e2c2/L2

eik0r 2/2R(t)e2r 2/W2
.

~2.5!

Here, the pulse lengthL, spot sizeW, amplitudeA, phasef,
chirp h, and radius of curvatureR are all real. Substituting
this trial function into Eq.~2.4! and integrating inc andxW' ,
we obtain a reduced Lagrangian density

L̄[
1

4Ap
E

0

`

rdr E
2`

`

dcL

52A2k0A2S df

dt
1

L2

4h2

dh

dt
1

k0W2

4R2

dR

dt D
1

e2

c2

A2

A2
S 1

L2
1

L2

h2D 1
A2

A2
S 2

W2
1

k0
2W2

2R2 D
2

vp
2

c2

A4

32W2L
. ~2.6!

Next, we use the Euler-Lagrange equations of the redu
Lagrangian density to derive the evolution ofW andL in t.

A. An idealized thin lens: Spot size evolution

We consider the ideal case where a thin plasma lens w
a thicknessD is placed at the vacuum waist (t50) of a
Gaussian laser pulse with a spot sizeW0. The laser exits the
plasma att5D and reaches its focus, where it has a mi
mum spot sizeWmin , at t5 f . We study howWmin and f
depend onD and the normalized laser powerP/Pc , where
Pc[17v0

2/vp
2 GW is the critical power for RSF@7#.

If the pulse is assumed to remain Gaussian and fi
pulse length effects are neglected, i.e.,L andh are assumed
to remain fixed, then the evolution equation for the spot s
W inside the plasma can be derived from the reduced
grangian Eq.~2.6!. Varying f leads to power conservation

dA2

dt
50. ~2.7!

Varying R relatesR anddW/dt,

W

R
5

dW

dt
. ~2.8!

Varying W gives another equation forR andW,

2
k0

2

A2

A2W

R2

dR

dt
1

A2

A2
S 24

W3
1

k0
2W

R2 D 1
vp

2

c2

A4

16W3L
50.

~2.9!

Substituting Eq.~2.8! into Eq.~2.9! to eliminateR, we obtain
the evolution equation for the spot sizeW @24#,
1-2
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d2W

dt2 52
4

k0
2W3 S P

Pc
21D , ~2.10!

whereP/Pc[A2A2vp
2/(64c2L) is independent oft. Identi-

cal equations for RSF can be obtained via other means, m
notably the source dependent expansion@25#. Note that if our
trial function was an infinitely long pulse thenP/Pc

[A2vp
2/(32c2), which is the often quoted result. This

probably more accurate for the spot size of the peak.
The solution to Eq.~2.10!, with the initial condition of

W5W0 anddW/dt50 at t50, is

W5W0A12S P

Pc
21D S t

tR
D 2

, ~2.11!

where tR[k0w0
2/2 is the vacuum Rayleigh length for th

laser pulse. Equation~2.11! predicts that the spot size wi
eventually go to zero ifP/Pc.1. In reality, spot size col-
lapse is prevented by higher-order relativistic terms and e
tron cavitation@7,8#. For the thin plasma lens case where t
pulse is focused only slightly within the plasma, this soluti
can describe the spot size evolution well. The spot size at
exit of the lens isWexit5W0A12d2, where

d[~D/zR!A~P/Pc21!

is the normalized lens thickness.
When the laser exits the plasma, the spot size evolve

d2W

dt2 5
4

k0
2W3 , ~2.12!

which has a solution

W5WminA11S t2 f

tR
D 2 W0

4

Wmin
4 . ~2.13!

By matchingW and dW/dz from Eqs.~2.11! and ~2.13! at
t5D, we can determine the minimum spot sizeWmin and
focal lengthf:

Wmin5W0A 12d2

11~P/Pc21!d2, ~2.14!

f 5D
P/Pc

11~P/Pc21!d2 . ~2.15!

To get a lens design forWmin /W0!1 andf /D@1, a high
laser power is needed. In the limit ofd2P/Pc@1, simplified
expressions forWmin and f can be obtained:

Wmin'
W0

AP/Pcd
2

, ~2.16!

f '
D

d2. ~2.17!
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B. Pulse length evolution

In this section, we consider how the pulse length evolv
in the idealized case where the spot size remains consta
t at each axial position. From Eq.~2.6!, we vary the inde-
pendent variablesf, h, L, andA to determine theirt depen-
dence while keepingW and R fixed. Varying f leads to
power conservation,

dA2

dt
50. ~2.18!

Varying h relatesh anddL/dt,

1

h
5

k0c2

2e2L

dL

dt
. ~2.19!

Varying L gives another equation forh andL,

2
k0

A2

A2L

h2

dh

dt
1

e2

c2

A2

A2
S 22

L3
1

2L

h2 D 1
vp

2

c2

A4

32W2L2
50.

~2.20!

Substituting Eq.~2.19! into Eq. ~2.20! to eliminateh, we
obtain the evolution equation for the pulse lengthL,

d2L

dt2 52
e4

c4

4

k0
2L3 S A2A2vp

2

64W2e2 L21D . ~2.21!

We note that hereL has a unit of time, not length. Therefore
the distance required for pulse compression scales
k0L2c2/2e2. For a high-intensity laser pulse, whe
A2A2vp

2L/(64e2)@1, Eq. ~2.21! can be solved analytically
to obtain

e2a0

25/4

t

cL0
5

AL0 /L21

L0 /L
1arctanAL0 /L21, ~2.22!

wherea0 and L0 are the initial normalized vector potentia
and pulse length, respectively. When inverted, this transc
dental equation givesL(t). Later, we solve it numerically to
compare to the simulation results.

C. Simultaneous self-focusing and compression

In the previous subsections we derived decoupled en
lope equations for the evolution of spot size and pulse len
while the other was held fixed. We did this to clearly illu
trate each process. We now obtain coupled equations to
sider how self-focusing can accelerate the pulse compres
rate. We emphasize that these equations are idealized s
they assume that one spot size describes the beam a
instant oft. In reality the spot size will also depend onc,
but this makes the analysis much more complicated
makes integrating the action overc intractable.

It turns out that the coupled equations forL andW have
exactly the same form as Eqs.~2.10! and ~2.21!, only now
both L andW are functions oft. We write these two equa
tions in the following form to emphasize the coupling b
tweenL andW:
1-3
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TABLE I. Simulation summary.

P0 /Pc LFWHM ~fs! D ~mm! f 2D ~mm! Wmin /W0 Lmin /L0 (amax/a0)2 Pmax/P0 (Wmin /W0) theor (Lmin /L0) theor

100 57 1.0 3.4 0.68 0.97 19 1.1 0.29 0.96
100 45 1.6 0.43 0.60 0.92 231 1.8 0.16 0.85
100 45 1.0 3.4 0.64 0.98 28 1.4 0.29 0.93
11 45 0.7 0.33 0.75 1 23 1.0 0.35 0.96
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d W

dt2 52
4

k0
2W3 S Lc

L
21D ~2.23!

and

d2L

dt2 52
e4

c4

4

k0
2L3 S LcL

W2

c2

e2
21D , ~2.24!

where Lc[A2A2vp
2/(64c2) is a constant. These couple

equations show that, ifL,Lc ~i.e., P.Pc), then W de-
creases from self-focusing. At the same time the pulse c
pressing rate increases, scaling asW22. Thus, as an intens
pulse propagates, focusing and compressing reinforce
other. For completeness, we notice that there is a first i
gral for the coupled Eqs.~2.23! and ~2.24!,

1

2
~c2L̇212e2Ẇ2!1

4

k0
2 F e2

W2 S 12
Lc

L D1
e4

2c2L2G5const.

~2.25!

This can be obtained either by examining Eqs.~2.23! and
~2.24! or from obtaining the Hamiltonian from the reduce
Lagrangian.

D. Importance of Raman scattering

In the analysis just presented of a thin lens concept o
the relativistic nonlinearity was included. However, in ma
instances Raman forward scattering~RFS! will occur and
this will compete with the self-focusing process. While i
cluding RFS into the analytical framework is beyond t
scope of this work we can estimate its importance by us
known expressions for the amount of RFS exponentiat
Basically, there are three regimes of RFS growth that
important. These are RFS, four-wave nonresonant RFS–
scattering~RFS-SS!, and three-wave RFS-SS@26#. In terms
of laser powerP/Pc , lens thicknessD, and pulse lengthL,
the gains~number ofe-foldings! for these instabilities can b
written as@26#

G5A8e
P

Pc

D

tR

Lvp

c
, RFS, ~2.26!

G51.64A3 P

Pc
S D

tR
D 2Lvp

c
,

four-wave nonresonant RFS-SS ~k'W51!, ~2.27!

and
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G52A P

Pc

D

tR

Lvp

c
, three-wave RFS-SS.~2.28!

The most important one for the thin lens concept is the R
SS. This can be seen by rewriting Eq.~2.28! in terms of spot
size reduction using Eq.~2.16!,

G52A W0

Wmin

Lvp

c
. ~2.29!

This meansG'9 for a pulse length of one plasma wav
length (Lvp /c52p) to reach a spot size reduction o
W0 /Wmin53.

III. SIMULATION RESULTS

A. Comparing spot size and pulse length with theory

To study the viability of a thin lens concept, we use t
particle-in-cell codesWAKE @15# and OSIRIS @16#. The code
WAKE simulates the evolution of the laser field and plas
on a time scale much greater than the laser oscillation per
The laser field is described by its envelope equation whic
derived by averaging the wave equation over the fast la
oscillation frequency. The particles move under the la
ponderomotive force and the self-consistent field. On
other hand,OSIRIS is a fully parallelized, fully explicit PIC
code which resolves the entire laser oscillation.

We did a series of simulations usingWAKE in cylindri-
cally symmetric geometry to understand the limitations
the thin lens scaling laws. The parameters were chose
that W0 /Wmin and f /D were predicted to be large. A repre
sentative set of simulation parameters is shown in Tab
where the laser wavelength is assumed to be 1mm. In each
case the laser was focused to the edge of the lens with
incident normalized vector potential ofa051 and a lens den-
sity of ne51019 cm23, while in most cases the spot size w
W05100 mm so that the laser power was 170 TW. F
these values the normalized parameters corresponde
[vp /v050.09, P/Pc5100, and W0557c/vp . For the
P/Pc511 case,W0519c/vp , and the laser power is 19 TW
In the simulations the laser pulse lengthL0 and the lens
thicknessD were varied.

For illustrative purposes, we begin by presenting resu
from a simulation in whichL057.52c/vp , corresponding to
a full width at half maximum pulse lengthLFWHM557 fs
and D50.0316zR ~1 mm!. Under these conditions Eqs
~2.14! and ~2.15! predictWmin50.3W0 and f 510D.

In Fig. 1 the theoretically predicted evolution~dashed
line! and the simulation results~solid line! for the spot size
1-4



lc
s
th
n
c

le
is
b

he
s
r
in

on
ro
ia

io
o

si
e

us

d
n
t
s
si

e
ve
ict

i

e

file
l to

ature
the
the

cal
and
non-
ther

at
e a

al
gth
osi-
en-
cal

he
ic-
d

s

tic

tial

on

COMPRESSING AND FOCUSING A SHORT LASER . . . PHYSICAL REVIEW E 63 026411
are plotted. For the simulation results the spot size is ca
lated at the axial position where the intensity is highest. A
clear there is a significant difference particularly outside
lens. The envelope equations predict a spot size reductio
a factor of 3 while the simulations show only a 30% redu
tion. This deviation was seen in each case listed in Tab
In addition, in the simulations the focal length of the lens
smaller than the theoretical estimates. In Fig. 1, it can
seen that the focal length in the simulation is half of t
theoretical estimate. The reason for these discrepancie
twofold. The theory assumes that the transverse profile
mains Gaussian and that the longitudinal profile rema
fixed. In reality the transverse profile can become n
Gaussian from spherical aberrations in the lens and f
Raman side scatter in the forward direction, while the ax
profile can change from relativistic self-phase modulat
and Raman forward scattering. These two effects also w
in combination.

The spherical aberrations occur because for a Gaus
profile the focusing ‘‘force’’ does not vary linearly across th
wave front. This is completely analogous with the the foc
ing of a particle beam in a plasma@27#. A parabolic, not a
Gaussian, profile provides a perfect focusing lens. Those
viations from a perfect lens are called spherical aberratio
For a Gaussian pulse the rays at the outer edge are no
cused strongly enough and higher-order Gaussian mode
generated. When analyzing the simulation data the spot
is defined as the second moment

W25

E
0

`

rdra2r 2

E
0

`

rdra2

.

So, if the portions of the beam at larger radii are focus
more weakly than the average rate, then this weighted a
aged spot size eventually becomes larger than that pred
by the theory. This is consistent with what was observed
Fig. 1.

Besides a reduction in spot size, another consequenc
focusing is an increase in the normalized vector potential~or

FIG. 1. Spot size evolution and intensity enhancement. La
power P5170 TW, lens thicknessD51 mm, and pulse length
L0557 fs. Solid line: measured spot size; dashed line: theore
value; dot-dashed line:a0

peak/apeak. Laser exits plasma att
50.0316tR .
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intensity! on the axis. If the laser beam’s transverse pro
remained Gaussian then these two would be proportiona
each other. Therefore, a measure of the non-Gaussian n
of the beam is to see how the peak intensity scales with
weighted averaged spot size. In Fig. 1, the inverse of
peak intensity on the axisa0

peak/apeak is also plotted~dot-
dashed line!, which showsa0

peak/apeak50.23 at the maxi-
mum peak intensity as compared toWmin /W050.72. Notice
also that the maximum peak intensity is reached~at t
50.1tR) before the spot size focus~at t50.14tR). This
shows that the different radial parts have different fo
lengths. The beam center is focused more strongly
reaches the focus earlier than the beam edge. The
Gaussian nature of the transverse profile is illustrated fur
in Fig. 2 where a transverse lineout of the laser amplitude
the maximum peak intensity is shown. For convenienc
Gaussian fit is also shown.

The deviation from theory is not only due to spheric
aberrations. As shown in Sec. II A, when the pulse len
does not evolve the power is conserved at each axial p
tion. However, in general the pulse can redistribute its
ergy axially, causing the pulse length to change and the lo
intensity to change even if the spot size remains fixed.

To study the pulse length evolution, we plot in Fig. 3 t
pulse lengths from the simulation and the theoretical pred
tions of Eq.~2.22!. The simulation pulse length is the secon

er

al

FIG. 2. Transverse lineout of normalized laser vector poten
at peak intensity~solid line! and its Gaussian fit~dashed line!,
which shows that the distribution is non-Gaussian.

FIG. 3. Pulse length evolution. Solid line: 12L/L0 from radi-
ally integrated intensity; dot-dashed line: that from the intensity
axis; dotted line: theoretical value. Laser exits plasma att
50.0316tR .
1-5
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moment~similar to the spot size! of both the radially inte-
grated intensity~solid line! and the intensity on axis~dot-
dashed line!. The length from the radially integrated profi
is what the theory is calculated for and the simulation res
agrees reasonably with the theoretical values. However,
beam center shows much more compression~dot-dashed

FIG. 4. Longitudinal distribution of normalized laser vector p
tential on axis at three different times,t50 ~dot-dashed line!; t
50.03tR ~dashed line!; t50.1tR ~solid line!. Laser exits plasma a
t50.0316tR .

FIG. 5. ~Color!. Contours of the envelope of the normalize
laser electric field from theOSIRIS simulation,E(t50)51. ~a! t
50.032tR , showing side scattering.~b! t50.07tR , showing focus-
ing in the vacuum. Laser exits plasma att50.05tR .
02641
lt
he

line! than the theory and also continue to compress e
outside the plasma, where the theory predicts no comp
sion. This once again clearly demonstrates the non-Gaus
nature of the pulse. The change in pulse length along the
indicates that different axial slices and different radial rin
are each focused with different focal lengths. We also plo
Fig. 4 the laser intensity on axis at three different times.
t50.03tR , the pulse begins to develop an instability with
wavelength approximately 2pc/vp . This Raman type insta
bility is another process causing longitudinal power transp
tation.

B. Raman instabilities

The Raman instabilities are complicated processes
different regimes often interact in a highly nonlinear fashio
In particular, backscattering, which is precluded in the en
lope description ofWAKE, can have an important effect. T
better study the effect of the Raman instabilities, we use b
WAKE and the fully explicit PIC codeOSIRIS to simulate a
pulse of P/Pc5100 andLFWHM545 fs (7.7c/vp) passing
through a lens with thickness ofD50.05zR ~1.7 mm!. The
simulation is done in a two-dimensional slab geometry.

The formulas in Sec. II D predict that the three-wave s
scattering is dominant with ane-folding of 12.5 at the exit of
the lens, while the gains for RFS and four-wave nonreson
RFS-SS are 5.3 and 2, respectively. Raman side scatteri
clearly seen in theOSIRIS run of Fig. 5~a!. ~Note that in

FIG. 6. ~Color!. Contours of the envelope of the normalize
laser vector potential from theWAKE simulation,a(t50)51. ~a!
t50.031tR . ~b! t50.063tR , showing focusing in the vacuum. La
ser exits plasma att50.05tR .
1-6
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OSIRIS the laser oscillations are explicitly resolved. In Fig.
only the laser envelope for the electric field is plotted.! How-
ever, after exiting the plasma, the pulse keeps focusing
reaches its focus outside the plasma@Fig. 5~b!#. Pulse com-
pression is also evident. The contour of half maximum int
sity has a width of 0.23W0 and a length of 0.56L0. The pulse
diffracts beyond the focus. Since the instability causes
pulse to filament and hence to form an extremely n
Gaussian distribution, the analytical formulas derived
Secs. II A and II B, which are based on a Gaussian distri
tion, do not rigorously apply. Nevertheless, the enhancem
of the intensity at the focus,amax

2 /a0
2'6, is in line with the

prediction of a spot size reduction of 6 given by Eq.~2.14!.
For the same run,WAKE also shows similar instabilities

@Figs. 6~a! and 6~b!#. Although the scattering part at th
pulse back is not identical to theOSIRIS result, the picture at
the pulse core looks similar~note thatWAKE plots a while
OSIRISplotsE). We suspect that the differences between
OSIRIS and WAKE simulations are due to the presence
backscattering in theOSIRIS simulation. For shorter and nar
rower pulses the two codes give very similar results. Wh
the observed perturbations in Figs. 5~a! and 6~a! correspond
to near forward side scattering which is, in principle, d
scribed by both codes, the perturbations in theOSIRIS simu-
lation are larger. These perturbations must grow from so
initial condition, which we suggest is seeded by the Ram
backscattering. Although one normally thinks of backscat
ing as involving counterpropagating plane waves, exam
tion of theOSIRIS simulations reveals that the backscatteri
occurs in radially localized regimes, which introduces rad
structure to the laser pulse. The exact details depend on
initial temperature. This structure is the seed for the n
forward side scattering. To test this idea we ran theWAKE

code with a small transverse modulation applied to the ini
laser pulse. The transverse wavelength of the modulat
was selected to match the observed structure in theOSIRIS

runs. We found that a perturbation as small as62% even-
tually grew and disrupted the main laser pulse. Thus,
Raman side scattering observed in theOSIRIS runs is consis-
tent with the amplification of small perturbations.

We have given details for only a few illustrative e
amples. More examples of the cylindrically symmetricWAKE

simulation results are summarized in Table I. For differe
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laser powerP0, pulse lengthL0, and plasma lens thicknes
D, we tabulate the separation between the focus and the
exit f 2D, spot size reductionWmin /W0, pulse length com-
pressionL/L0, intensity enhancement (a/a0)2, and power
enhancementP/P0. The theoretical predictions for spot siz
reduction and pulse length compression are also listed.

IV. SUMMARY

We have derived analytical formulas for the spot size a
pulse length evolution for a short laser pulse propagating
thin uniform plasma lens. The formulas are compared to
simulation results from the PIC codesWAKE andOSIRIS. As
predicted by the formula, the laser pulse can be focused
side the plasma. The simulations give a greater final spot
and a shorter focus than the formulas. The difference
mainly due to the transverse non-Gaussian distribution.
achieve a greater spot size reduction, a transversely non
form plasma lens is needed. Nevertheless, the simulat
still predict a 30% spot size reduction at 3.3 mm away fro
a 1 mm plasma lens.

The simulation shows that Raman side scattering can
velop when the pulse is inside the plasma. However,
Raman instabilities do not prevent the pulse from continu
to focus when it exits the plasma lens. This provides a wa
experimentally prove relativistic self-focusing.

This work also indicates directions for future work.
would probably be of interest to consider different transve
profiles, i.e., profiles closer to a parabola shape, to try
reduce the spherical aberration. In addition, it might be
interest to use higher laser intensities. In the simulations,
initial value of a was kept at or below unity so that th
weakly nonlinear theory would still marginally apply. How
ever, using higher-intensity lasers might lead to less abe
tion since the nonlinearity saturates on axis.
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